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Abstract. Data integration is a key issue for any integrated set of software tools where
each tool has its own data structures (at least on the conceptual level), but where we have
many interdependencies between these private data structures. A typical CASE environ-
ment, for instance, offers tools for the manipulation of requirements and software design
documents and provides more or less sophisticated assistance for keeping these docu-
ments in a consistent state. Up to now almost all of these data consistency observing or
preserving integration tools are hand-crafted due to the lack of generic implementation
frameworks and the absence of adequate specification formalisms. Triple graph gram-
mars, a proper superset of pair grammars, are intended to fill this gap and to support the
specification of interdependencies between graph-like data structures on a very high lev-
el. Furthermore, they form a solid fundament of a new machinery for the production of
batch-oriented as well as incrementally working data integration tools.

1. Introduction

Graphs play an important role within many application areas of computer science, as e.g. in
the form of data flow or control flow graphs in compiler construction, structured analysis and
entity relationship diagrams in software engineering, or hypertexts in office automation. Fur-
thermore, rule-based systems have proven to be well-suited for the description of complex
transformation or inference processes on complex data structures.

Although graphs and rule-based systems are quite popular, their combination in the form
of graph rewriting systems or graph grammars was more or less unknown for a very long
time. Nowadays the situation is gradually improving with the appearance of graph rewriting
system implementations like PAGG [6], GraphED [8], AGG [10], and PROGRES [16]. Es-
pecially the latter one has quite successfully been used within the project IPSEN for the de-
velopment of an Integrated Project Support ENvironment [4, 15, 22], and within the project
SUKITS for the development of an (a posteriori) integrated CIM environment [5].

Nevertheless, graph rewriting systems are usually restricted to the specification of pro-
cesses which perform in-place modifications and transform one instance of a class of graphs
into another instance of the same class. Therefore, they are not well-suited for the specifica-
tion of compilers and integration or traceability tools which
• either take a complex data structure (source graph) as input and translate it into a new, sep-

arate data structure (target graph),
• or check consistency between different data structures,
• or propagate small changes of one data structure as incremental updates into another re-

lated data structure.



-2-

Examples of related graph-like data structures are for instance the requirements and design
documents of a piece of software or the syntax tree and control flow diagram for a program
[2, 9, 11, 22, 23]. Figure 1 shows a cutout of a program’s syntax tree and its corresponding
control flow diagram that consists of an if-statement with a single assignment in its then-
branch and a while-statement in its else-branch. Labels of edges are omitted in order to keep
diagrams legible with the exception of those edges in the right-hand side control flow graph
that have conditions as their sources: “T(rue)” and “F(alse)” are their labels and have the usu-
al meaning. The example demonstrates our needs for fine-grained intergraph relationships
with the following characteristics:
• Elements of one graph are related to distinct elements of another graph: in figure 1, a ver-

tex with number x of the left-hand side graph is related to a vertex with the same number
(if existent) in the right-hand side graph.

• Correspondences between vertices and edges of related graphs are at least 1-to-n: in figure
1, a vertex x of the left-hand side graph corresponds to vertices xa and xb (if existent) of
the right-hand side graph.

• Related graphs contain referenced as well as private elements: in our running example, all
vertices of the right-hand side graph are referenced, whereas all its edges are private, and
the referenced part of the left-hand side graph are all its vertices with exception of 2 and 7.

Please note that it is often a matter of taste whether a distinct node of one graph is private or
whether it is related to a whole subgraph of another graph (it is also reasonable to relate the
currently private node 7 of the syntax diagram graph to nodes 8a, 8b, and 10 of the control
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Fig. 1:  Related Graphs: Syntax Tree and Control Flow Diagram.
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flow diagram graph). The formalism, presented within the next sections allows for the defi-
nition of arbitrary m-to-n intergraph relationships and, thus, supports both possibilities.

In general, intergraph relationships themselves have annotations with information about
ongoing translation or analysis processes. Sometimes, we have even relationships between
intergraph relationships for context-sensitive dependencies like “this part of the source graph
was translated before that part of the source graph” or “this intergraph relationship is only
valid as long as that intergraph relationship is existent”. These additional annotations and de-
pendencies are of particular importance in the case of incrementally working translation or
analysis processes, the description of which is outside the scope of this paper. Therefore, in-
tergraph relationships are modeled as separate correspondence graphs with additional refer-
ences to related source and target graph elements (cf. bottom part of figure 1).

The next section suggests a formalism for the specification of intergraph relationships and
the accompanying analysis as well as translation processes in a purely declarative way,
where the same specification serves as input for the development of a whole family of batch-
oriented as well as incrementally working integration tools. Section 3 presents its accompa-
nying theory and explains how to construct (batch-oriented) graph-to-graph translators. Sec-
tion 4 discusses afterwards a number of necessary extensions for the presented approach and
section 5 finally summarizes the main ideas and gives an outlook on future work.

2. Triple Graph Grammars and Running Example

Triple graph grammars are a refinement of the old idea of pair graph grammars already sug-
gested by Pratt [18]. Pair graph grammars as well as (almost) all EBNF-oriented approaches
[17, 22, 23] for tree-to-tree translations are restricted to context-free productions and one-to-
one correspondences between objects in related data structures. Therefore, these formalisms
are far too limited with respect to their expressiveness (see example of figure 1).

To compensate for these deficiencies triple graph grammars extend the original pair graph
grammar approach to the case of context-sensitive productions with rather complex left- and
right-hand sides, and offer separate correspondence rules and graphs for modeling m-to-n-
relationships between related graphs. As already mentioned above, these correspondence
graphs and rules allow us to record additional information about the transformation process
itself, which are for instance needed to propagate incremental updates of one data structure
as incremental updates into its related data structures (for further details see [11, 12]). The
name triple graph grammars has been chosen in order to emphasize the important role of
these additional correspondence rules and graphs.

Before going into details, we have to discuss one important “design decision”, the chosen
representation of intergraph relationships between corresponding graph elements and
source or target graph elements. One idea, suggested by one of the paper’s referees, is to em-
bed all three graph components as substructures into a common “superstructure” and to use
(higher order) relations for modeling correspondences between nodes (and edges!) of these
substructures. This solution has the advantage that simple rewrite rules of high level replace-
ment systems with well-known properties [4] are sufficient for the specification of graph-to-
graph translation processes (in contrast to triple productions, introduced in definition 3.4).
Nevertheless, it has a number of significant disadvantages:
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• Relationships between a production’s left- and right-hand side are modeled different than
relationships between (at least conceptually) separate productions for separate source and
target graphs, although playing a similar role within the following definitions.

• The data model of directed graphs must be abandoned in favor of a new data model which
allows for the definition of relationships between relationships.

• Finally, this approach enforces the introduction of embedding superstructures even in the
case where input and output of translation processes are viewed as separate graphs and
where fine-grained correspondences are of no importance afterwards.

Fig. 2:  Production Triples for Syntax Tree ↔ Control Flow Diagram Translations.
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Therefore, it seems to be more appropriate to use morphisms from correspondence graphs to
source and target graphs for modeling intergraph relationships.

Returning to the example of section 1, we will now discuss its specification in figure 2.
The first production triple defines the correspondences between an if-statement’s syntax tree
and its control flow (sub-)diagram, whereas following production triples deal with while-
statements and assignments. Please note that a dashed vertex (x,y) of a correspondence pro-
duction cpi models a relation between a vertex x in the left-hand side syntax tree and a vertex
y in the right-hand side control flow diagram of figure 1.

Correspondence Analysis:

Fig. 3:  Conventional Productions for Syntax Tree ↔ Control Flow Diagram.
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Due to lack of space, productions dealing with statement sequences are omitted and
branches of if-statements as well as bodies of while-statements are confined to be single
statements only. Last but not least pairs of new “Begin” and “End” vertices within right-hand
side productions are intentionally left unconnected. In this way we are able to demonstrate
that the language of all graphs generated by isolated right-hand side productions is a proper
superset of the language of all control flow graphs components generated by our triple graph
grammar. It contains entangled control flow diagrams, where single statements connect
wrong pairs of “Begin” and “End” vertices. This reflects the fact that, in general, we cannot
expect that all possible inputs of graph-to-graph translation processes are also legal inputs
which have a defined result1.

The presented specification may be used to develop batch-oriented as well as incrementally
working tools of rather different functionality as for instance
• an LR-translator, which takes any left-hand side syntax tree as input and returns a corre-

sponding right-hand side control flow diagram,
• an RL-translator, which analyzes a right-hand side control flow diagram and produces the

corresponding syntax tree if possible, and
• a correspondence analyzer, which monitors the relationships between a given syntax tree

and a given control flow diagram.

The advantage of triple graph grammars in comparison to previously used graph grammar
approaches for the specification of intergraph relationships, as e.g. in [22], is clearly visible
when we compare the triple production (lp3, cp3, rp3) of figure 2 with its corresponding “con-
ventional” productions of figure 3. In the latter case, we have a single “flat” and often unin-
telligible graph on left- and right-hand sides of productions (with correspondences
highlighted as dashed nodes and edges and with left-hand sides above and right-hand sides
below dotted lines). The first one specifies the corresponding LR-translation step, the second
one the corresponding RL translation step, and the last one a correspondence analysis step
which takes a syntax diagram and a control flow diagram as input and tries to establish cor-
respondences between these graphs afterwards. That means that one triple production replac-
es three rather similar but nevertheless different conventional productions. The next section
presents an algorithm which takes a set of triple productions as input and generates the cor-
responding sets of conventional productions.

3. Simple Triple Graph Grammars and LR-/RL-Translator

Triple graph grammars may be used to specify rather complex graph-to-graph translations
as languages of graph triples. Elements (LG, CG, RG) belonging to these languages represent
related graph structures LG and RG, respectively, which are linked to each other by means
of an additional correspondence graph CG. The grammar for such a graph triple language
consists of triples of productions (lp, cp, rp), where each production component is responsi-
ble for generating or extending the corresponding graph component.

1) Sometimes, specified translation processes are even partial and nondeterministic functions and additional
user input is necessary to resolve conflicts between concurrently applicable production triples (see [12]).
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In principle, any graph model and any graph grammar approach may be used as the fun-
dament of triple graph grammars. To emphasize this, we will start with a very simple class
of graphs and rather straightforward rewriting rules, such that we are able to explain the prin-
ciples of the new formalism both within the framework of the algorithmic and the algebraic
graph grammar approach [3, 14] without getting stuck into technical details. Afterwards, in
section 4, we will sketch how to get rid of the limitations of the selected primitive graph mod-
el and the accompanying rewriting formalism.

As the reader may imagine, the development of tools which extend related graphs in par-
allel by simultaneously applying related productions to related vertices and edges is a
straightforward task. But the development of tools which translate an existing left-hand
(right-hand) side graph into a new right-hand (left-hand) side graph is a rather difficult task.
In general, it requires the realization of an efficiently and preferably even incrementally
working graph parser for context-sensitive productions which is able to recover a sequence
of production applications yielding the given left-hand (right-hand) side graph. Provided
with this sequence of productions we are then able to apply the related sequence of produc-
tions to a start graph and to produce thereby the required right-hand (left-hand) side graph.

In the presented version of triple graph grammars we circumvent this problem by regard-
ing monotonic productions only. This means that any production’s left-hand side must be
part of its right-hand side, i.e. productions do not delete vertices and edges. In this case, a
given graph directly contains all necessary information about its derivation history and the
development of LR- or RL-translators is simplified considerably.

Requiring monotonicity is not as restrictive as it seems to be at a first glance, because tri-
ple graph grammars are not intended to model editing processes on related graphs (with in-
sertions as well as deletions and modifications of graph elements, but are a generative
description of graph languages and their relationships.

Following this line we start with the definition of simple graphs, graph morphisms, and
monotonic productions:

Definition 3.1 Graphs, Graph Morphisms, and Graph Operators.

A quadruple G := (V, E, s, t) is a graph with elem(G) := V ∪ E and

(1) V being a finite2 set of vertices,
(2) E being a finite set of edges, and
(3) s, t: E → V being two functions which assign source and target vertices to edges.

Let G := (V, E, s, t), G’ := (V’, E’, s’, t’) be two graphs. A pair of functions h := (hV, hE)
with hV: V → V’ and hE: E → E’ is a graph morphism from G to G’,i.e. h: G → G’, iff
(4) ∀ e ∈E: hV(s(e)) = s(hE(e)) ∧ hV(t(e)) = t(hE(e)) .

Furthermore, the operators “⊂” for “proper subgraph”, “⊆” for “subgraph”, “∪” for
“union of graphs with gluing of identified nodes and edges (with same identifiers)”, “∩”,
and “\” , , “union”, etc. are defined as usual for graphs, and with h: G → G’ being a mor-
phism, h(G) ⊆ G’ denotes that subgraph in G’ which is the image of h. ■

2) Finiteness is required to guarantee termination of LR/RL-translations, see proposition 3.9.
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Definition 3.2 Monotonic Productions and Graph Rewriting.

Any tuple of graphs p := (L, R) with L ⊆ R is a monotonic production and p applied to a
given graph G produces another graph G’ ⊇ G, denoted by: G ~p~> G’, with respect to
redex3 selecting morphisms g: L → G and g’: R → G’, iff:

(1) g’ | L = g , i.e. g and g’ are identical mappings w.r.t. the left-hand side graph L.
(2) g’ maps new vertices and edges of R \ L onto unique new vertices and edges of G’ \ G .

Using the categorical framework [3], conditions (1) and (2) may be replaced by requiring
the existence of the pushout diagram a) of figure 3. ■

Based on this fundamental terminology we are now able to define graph triples as well as pro-
duction triples and their application to graph triples:

Definition 3.3 Graph Triples.

Let LG, RG, and CG be three graphs, and lr: CG → LG, rr: CG → RG are those morphis-
ms which represent m-to-n relationships between the left-hand side graph LG and the
right-hand side graph RG via the correspondence graph CG in the following way:

x ∈ LG is related to y ∈ RG :⇔ ∃ z ∈ CG: x = lr(z) ∧ rr(z) = y .
The resulting graph triple is denoted as follows:

GT := ( LG ← lr ⎯ CG ⎯ rr → RG ) . ■

Definition 3.4 Production Triples and Graph Triple Rewriting.

Let lp := (LL, LR), rp := (RL, RR), and cp := (CL, CR) be monotonic productions. Fur-
thermore, lh: CR → LR and rh: CR → RR are graph morphisms such that their restrictions
lh|CL: CL → LL and rh|CL: CL → RL are morphisms, too, which relate the left- and right-
hand sides of productions lp and rp via cp to each other. The resulting production triple is
denoted as follows:

p := ( lp ← lh ⎯ cp ⎯ rh → rp ) .

3) A redex is a subgraph within a host graph matching a given production’s left-hand side.

Fig. 4:  Application of Simple Productions and Production Triples.
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And the application of such a production triple to a graph triple
GT := ( LG ← lr ⎯ CG ⎯ rr → RG )

produces another graph triple
GT’ := ( LG’ ← lr’ ⎯ CG’ ⎯ rr’ → RG’ ) ,

i.e.:
GT ~p~> GT’ ,

which is uniquely defined (up to isomorphism) by the existence of the “pair of cubes” di-
agram b) of figure 3. This diagram consists of commuting square-like subdiagrams only
and contains a pushout subdiagram for each application of a production component to its
corresponding graph component.

In the sequel, we often have to deal with production triple applications, where the redex
or result for their left- or right-hand side production application is already known in the
form of a morphism g. We denote these restrictions for rewriting GT into GT’ by

GT ~p(g)~> GT’. ■

Proposition 3.5 Soundness of Graph Triple Rewriting.

With the abbreviations of definition 3.4 we have to prove the following property: The re-
sult of the application of a production triple is uniquely determined (up to isomorphism)
by redex selecting morphisms (lg, cg, rg), i.e. the diagram of figure 4 with commuting sub-
diagrams has a unique completion to a “pair of cubes” as presented in figure 3.

Proof:
All morphisms with exception of those building the bottom sides of the pair of cubes are
already fixed with the selection of a triple redex. Furthermore, (lg’, cg’, rg’) are deter-
mined by definition 3.2 and the right-hand side diagram of figure 5 proofs the existence
and uniqueness of the missing graph morphism rr’: CG’ → RG’ such that

rr = rr’|CG and rh ° rg’ = cg’ ° rr’ .
This is a direct consequence of the pushout property for the square with corners CL, CG,
CG’, and CR but can also be proved by explicitly constructing rr’:

rr’(x) = if x ∈ CG then rr(x) else (cg’-1 ° rh ° rg’)(x) fi .
This a sound definition, because cg’ is injective for all elements in CG’ \ CG and for all
elements x ∈ CL: (cg ° rr)(x) = (rh|CL ° rg)(x) = (rh ° rg’)(x)

⇒ ∀ x ∈ cg(CL) ⊆ CG: rr(x) = (cg’-1 ° rh ° rg’)(x) .
In just the same way we can prove that

lr’(x) = if x ∈ CG then lr(x) else (cg’-1 ° lh ° lg’)(x) fi . ■

Fig. 5:  Redex Selection for a Production Triple.
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Having defined the application of production triples to graph triples we are now able to model
processes which extend related graphs (and their interrelationships) synchronously. But how
can we handle the case where a left-hand side graph is given and we have to construct the
missing right-hand side graph including all intergraph relationships or vice versa?

For symmetry reasons, the solution is the same in both directions. Therefore, the construc-
tion of LR-translators will be discussed in detail and the solution for RL-translators may be
obtained by simply exchanging the roles of “left”- and “right”-hand side components. Infor-
mally speaking we simply have to split a production triple p into a pair of production triples
pL and pLR, where pL is a left-local production triple which rewrites the left-hand side graph
only and pLR is a left-to-right translating production triple which keeps the new left-hand
side graph unmodified but adjusts the correspondence and right-hand side graph such that for
any morphism lg that restricts the application of left-hand side productions

p(lg) = pL(lg) ° pLR(lg) ,
i.e. the effect of applying first pL and then pLR to a given graph triple is the same as applying
p itself if (and only if) we keep the left-hand side redex, i.e. the morphism lg, fixed.

Then, provided with a sequence of productions pL
1 to pL

n  and a sequence of corresponding
redex selecting morphisms lg1 to lgn that produce a certain left-hand side graph LG, we will
be able to construct a corresponding right-hand side graph RG by executing pLR

1 to pLR
n .

Within the following propositions we will show that it is always possible to split a pro-
duction triple into a left-local production and a left-to-right transformation. Furthermore, we
will develop an always terminating algorithm which computes all graph triples containing a
given left- or right-hand side graph.

Proposition 3.6 LR-Splitting of Production Triples.

A given production triple p := ( (LL, LR) ← lh ⎯ (CL, CR) ⎯ rh → (RL, RR) ) may be
split into the following pair of equivalent production triples:

(1) pL := ( (LL, LR) ← ε ⎯ (∅, ∅) ⎯ ε → (∅, ∅) ) is the left-local production for p,
where ∅ is the empty graph and ε is an inclusion of the empty graph into any graph.

(2) pLR := ( (LR, LR) ← lh ⎯ (CL, CR) ⎯ rh → (RL, RR) ) is the left-to-right translating
production for p.

Fig. 6:  Existence and Uniqueness of lr’ and rr’.
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For these production triples and any graph triples GT := ( LG ← lr ⎯ CG ⎯ rr → RG ),
GT’ := ( LG’ ← lr’ ⎯ CG’ ⎯ rr’ → RG’ ), and a morphism lg’: LR → LG’ the following
proposition holds:

GT ~p(lg’)~> GT’ ⇔ ∃ HT : GT ~pL(lg’)~> HT ∧ HT ~pLR(lg’)~> GT’ .

Proof:
The following equivalences prove that the vertical sides of the cubes of figure 3 b) and
figure 6 imply each other if (and only if) all production applications use the same mor-
phism lg’ to select an image of graph LR in LG’ (and thereby of LL in LG):

(1) LG ~(LL, LR)~> LG’ ⇔ LG ~(LL, LR)~> LG’ ∧ LG’~(LR, LR)~> LG’ .
(2) CG ~(CL, CR)~> CG’ ⇔ CG ~(CL, CL)~> CG ∧ CG ~(CL, CR)~> CG’

⇔ CG ∼(∅, ∅)~> CG ∧  CG ~(CL, CR)~> CG’ .
(3) RG ~(RL, RR)~> RG’ ⇔ RG ~(RL, RL)~> RG ∧ RG ~(RL, RR)~> RG’

⇔ RG ~(∅, ∅)~> RG ∧  RG ~(RL, RR)~> RG’ .
And proposition 3.5 guarantees existence and uniqueness of all horizontal arrows. Fur-
thermore, diagram 3 b) is equivalent to

GT ~p(lg’)~> GT’
and, if we merge the two rows of cubes in the upper part of diagram 6 to a single row of
cubes, then the new upper part of diagram 6 is equivalent to

GT ~pL(lg’)~> HT .
Finally, the lower part of diagram 6 is equivalent to

HT ~pLR(lg’)~> GT’ . ■

Fig. 7:  Splitting of Production Triple Application.
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Please note that we used the name “lr” in figure 6 to denote a morphism from CG to LG as
well as its range extension to a morphism from CG to LG’ ⊇ LG. Furthermore, all arrows
without any label denote inclusions and the domain restrictions of lh and rh from CR to CL
have been omitted in order to keep the diagram as legible as possible.

In a similar way the splitting of a production triple into a right-local production followed
by a right-to-left translating production may be defined, but we have still to show that we can
use these locally equivalent splittings for the definition of graph transformations which create
first a left-hand side graph completely and add a corresponding right-hand side graph and the
accompanying correspondence graph afterwards or vice versa, i.e. we have to prove:

Proposition 3.7 Permutation of Left-Local and Left-to-Right Productions.

Given n production triples p1 through pn and morphisms lg1 to lgn which determine the
application results of left-hand side production components of p1 through pn we can prove
that

p1(lg1) ° . . . ° pn(lgn) =  ( p1
L (lg1) ° . . . ° pn

L (lgn) ) ° ( p1
LR (lg1) ° . . . ° pn

LR (lgn) ) .

Proof:
This follows directly from proposition 3.6 that ensures

p1(lg1) ° . . . ° pn(lgn) =  ( p1
L (lg1) ° p1

LR (lg1) ) ° . . . ° ( pn
L (lgn) ° pn

LR (lgn) )
and the fact that

(1) a production triple pk
L  := ( (LL, LR) ← ε ⎯ (∅, ∅) ⎯ ε → (∅, ∅) ) modifies left-

hand side graph components only and has no requirements with respect to correspon-
dence or right-hand side graphs,

(2) a simple production (LR, LR) may be applied to a graph LG’ without causing any
modifications, whenever LG’ is the result of applying first a monotonic production
(LL, LR) followed by an arbitrary number of different monotonic productions,

(3) and a production triple pk
LR  := ( (LR, LR) ← lh ⎯ (CL, CR) ⎯ rh → (RL, RR) ) keeps

its left-hand side graph unmodified.
Therefore, we are allowed to exchange the application order of production triples freely
as long as for any natural numbers i ≤ k
(4) the application of pi

L precedes the application of pk
L for i ≠ k,

(5) the application of pi
LR  precedes the application of pk

LR for i ≠ k,
(6) and the application of pi

L precedes the application of pk
LR  . ■

In the same way we are able to prove that a sequence of production triples may replaced by
an equivalent sequence of corresponding right-local and right-to-left translating productions,
where all right-local productions build the first half of the sequence and all right-to-left trans-
lating productions the second half. Therefore, the problem of constructing LR- or RL-trans-
lations is solved in principle with the exception of the following two questions:
• How can we find a sequence of left-local (right-local) productions which creates a given

left-hand (right-hand) side graph?
• Is the number of graph triples, which contain a given left-hand (right-hand) side graph, a

finite set?

To answer these questions we have to restrict our interest to finite graphs and finite sets of
production triples. Furthermore, these production triples are expected to fulfill an additional
“safeness” criteria which allows us to prove termination of LR-translations later on:
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Definition 3.8 LR-Safeness of Production Triples.

Using the abbreviations of definition 3.4 a production triple p is LR-safe iff
newLR(p) ≠ ∅ , with newLR(p) := elem(LR) \ oldLR(p) and oldLR(p) := elem(LL) . ■

LR-safe production triples have strictly monotonic left-hand side productions (they have at
least one new edge or node). Therefore, an upper boundary for the length of any production
triple sequence is known that creates a given (finite) graph LG as the left-hand side of the
resulting graph triple and the following algorithm may be used to compute LR-translations:

Proposition 3.9 Computing LR-Translations.

Using the abbreviations of definition 3.8 and proposition 3.7 and provided with a finite set
R := { p1, . . . , pn } of LR-safe production triples and a graph LG, the finite set of all R-
generated graph triples with LG as their left-hand side graph component may be computed
as follows (for simplicity reasons, empty graphs are used as axioms/start graphs):

CoveredElements := ∅;
HT := GT := ( LG ← ε ⎯ ∅ ⎯ ε → ∅ );
while elem(LG) \ CoveredElements ≠ ∅ do

select p ∈ R with left-hand side production (LL,LR);

select morphism lg: LR → LG with lg(newLR(p)) ∩ CoveredElements ≠ ∅
and lg(oldLR(p)) ⊆ CoveredElements

and lg | newLR(p) is injective

and HT ~pLR(lg)~> HT’;

HT := HT’;
CoveredElements := CoveredElements ∪ lg(new(p));

end;
return GT’ := HT as one possible LR-translation/completion of LG;

Proof:
The correctness of all results produced by the algorithm above is a direct consequence of
proposition 3.7 if we take into account that

GT ~( p1
LR (lg1) ° . . . ° pn

LR (lgn) )~> GT’
implies that

( ∅ ← ε ⎯ ∅ ⎯ ε → ∅ ) ~( p1
L (lg1) ° . . . ° pn

L (lgn) )~> GT
because

(1) lg1(new(p1)) ∪ . . . ∪ lgn(new(pn)) = elem(LG) ,
(2) lgi(new(pi)) ∩ lgj(new(pj)) = ∅ , for i ≠ j , and
(3) lgi(x) ≠ lgi(y) , for x, y ∈ new(pi) .

Furthermore, the algorithm’s termination is guaranteed by finiteness of LG (see definition
3.1), finiteness of R, and continuous growth of the set CoveredElements (definition 3.8 re-
quires that new(p) ≠ ∅). But the algorithm’s completeness is a serious problem due to the
nondeterministic selection of productions and morphisms in lines 4 and 5. These selec-
tions are locally correct but may lead the overall translation process into dead-ends. There-
fore, we have to transform the suggested nondeterministically working algorithm into
either a breadth-first search algorithm, which constructs all possible derivation sequences
in parallel, or into a depth-first search algorithm, which constructs one derivation se-
quence after the other and uses backtracking to escape out of dead-ends. ■
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Before turning our interest to useful extensions of the presented triple graph grammar ap-
proach within the next section, we have to add the following remarks:
• Proposition 3.9 explains only how to realize batch-oriented LR- and RL-translators. But

in a similar fashion consistency checking tools may be constructed that take a pair of left-
and right-hand side graph components as input and try to produce the missing correspon-
dence graph as output.

• Additional efforts are necessary to realize incrementally working tools for LR-/RL-trans-
lations or consistency checks. In this case, the correspondence graph has to contain addi-
tional information about executed translation steps in order to be able to recognize invalid
subgraphs within their outputs efficiently, withdraw these invalid parts, and to reapply
distinct LR- or RL-translating productions to reestablish consistency between related
graphs (for further details cf. [11, 12]).

• Finally all implemented versions of LR-translators avoid the above mentioned complete-
ness problem by requiring additional confluence/uniqueness properties for a set of pro-
duction triples R (cf. [12]). But forthcoming realizations of LR- or RL-translators will
take advantage of rather efficiently working backtracking mechanisms which are current-
ly used within the graph-rewriting language PROGRES to “undo” effects of failing graph
transformation sequences (cf. [24]).

4. Extended Triple Graph Grammars

When studying applications like the specification of tools that translate software requirement
documents into software design documents or software design documents into program tem-
plates, we soon recognize that the presented triple graph grammar formalism of section 3 is
still too restricted to be of any practical relevance. Even our running example exceeds the
limits of the suggested primitive graph model by having vertex and edge labels as well as ver-
tex attributes in an extended version. There is a significant gap between definitions 3.1 and
3.2 of this paper on one side and the graph model and rewriting approach supported by the
application-oriented graph grammar language PROGRES on the other side [19].

It is the purpose of this section to improve expressiveness of the graph model and the re-
writing approach presented here as far as possible without destroying the proof of proposition
3.9. We will achieve this goal in the following steps:
(1) First of all we have to introduce vertex and edge labels.
(2) Then we have to deal with attributes for vertices (and edges).
(3) And finally, we have to introduce additional means for restricting the applicability of

productions.

To solve task (1) we have to introduce sets  := V ∪ E of vertex and edge labels for each
regarded class of graphs, labeling functions lV: V → V, lE: E → E for any graph

G := (V, E, s, t) over the label set  ,
and additional compatibility relations ~ , ’ ⊆ × ’ between label sets  and ’. These re-
lations restrict the definition of a morphism h := (hV, hE) between the graph G above and an-
other graph

G’ := (V’, E’, s’, t’) over the label set ’
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in the following way:
∀ v ∈V: lV(v) ~ , ’ lV’(hv(v)) ∧ ∀ e ∈ E:  lE(e) ~ , ’ lE’(hE(e)) .

Naturally, compatibility relations on ×  are expected to be identities, i.e. morphisms be-
tween graphs of the same class have to preserve vertex and edge labels, whereas additional
application knowledge is necessary to define these relations between different label sets
and ’ appropriately. Having a closer look onto the definitions and propositions of section 3,
the introduction of labels raises one minor problem: Provided with certain sets of labels for
left- and right-hand side graphs  and R , how can we construct a label set C for auxil-
iary correspondence graphs, and what about the definition of compatibility relations between
left- or right-hand side graph labels and these auxiliary correspondence graph labels? A
straightforward solution for this problem is to define C ⊆ × R and to require

x ~ , C (x, y) ~ C, R y .

For our running example C := { (Stat,Begin), (Stat,End), (Assign,Assign), (Cond,Cond) }.
In this way, our approach subsumes the definition of so-called EBNF correspondences in [17,
22] and is even closely related to a so-called “meta-modeling” approach in [9], where corre-
spondences between object types of different diagram languages play the key role for the sys-
tematic development of diagram-to-diagram integration tools.

To solve task (2) mentioned above, we simply have to add further functions from vertices
and edges onto given attribute domains. In this case the adaptation of definition 3.1 is
straightforward by requiring that graph morphisms preserve attribute values.

But we have to solve another problem, the introduction of attribute value parameters and
attribute value assignments for productions in order to be able to create graphs with an infi-
nite number of possible attribute values without needing an infinite number of productions.
The necessary extension of definition 3.2 may be performed in the same way as in [20] and
splitting of a parametrized production p into pL and pLR (or pR and pRL) works as follows:
The production pL (pR) has the same parameter list as p and is required to assign any param-
eter of this list to at least one attribute in the resulting left-hand (right-hand) side graph with-
out overwriting old attribute values. And the remaining production pLR (or pRL) transfers
attribute values from its left-hand (right-hand) side graph to its right-hand (left-hand) side
graph, where necessary.

The remaining problem (3) of our list is a hard one. Currently we are trying to characterize
a sufficiently large set of application conditions for permissible embeddings of a produc-
tion’s left-hand side into a host graph, which remain valid after the application of certain se-
quences of productions. In this way we intend to preserve the freedom to permute production
applications further on (see proposition 3.7). All application conditions, for instance, which
test the existence of additional vertices or edges in a host graph remain valid after the appli-
cation of an arbitrary sequence of monotonic productions. But case studies in [2, 11, 12, 23]
already indicate that the henceforth admissible class of application conditions is too small to
express all necessary ordering constraints for concurrently applicable productions.

Therefore, we are currently introducing additional production priorities that prevent the
application of productions in the presence of applicable productions with higher priorities.
This solution is obviously less flexible than the usage of programs for controlling graph re-
writing processes but has the clear advantage to preserve the envisaged declarative nature of
triple graph grammars.
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5. Conclusion

To summarize, triple graph grammars are a new formalism for the specification of complex
interdependencies between separate and, in general, quite different graph-like data struc-
tures. Comparing them with previously suggested formalisms for the specification of data
transformations they have the following advantages:
• The underlying data model are graphs and not trees as e.g. in [1, 7, 13, 17].
• The same specification may be used as the description of a unidirectional as well as a bi-

directional transformation process in contrast to [1, 7, 13].
• Furthermore, correspondences are modeled explicitly and are not restricted to the case of

1-to-1 relationships between rather similar data structures as e.g. in [17, 22, 23].
Although being purely declarative, a triple graph grammar may be used as input for the

production of a whole family of rather efficiently working tools of varying functionality as
• batch-oriented translators that take one data structure as input and return another new re-

lated data structure as output,
• incrementally working translators that propagate changes of one data structure into its re-

lated data structures and work in both directions,
• or even consistency observing analyzers that infer or maintain correspondences between

related parts of different data structures only.

But note that due to lack of space we had to concentrate on batch-oriented transformation
tools in section 3 and to omit the construction of incrementally working transformation tools
as wells as consistency observing analyzers. For more details on these subjects see [12]. Fur-
thermore, we have to admit that all extensions proposed in section 4 are still on a more or less
informal level and that all necessary adjustments of definitions and propositions of section 3
have still to be worked out in detail. Finally, we would like to get rid of the somewhat artifi-
cial restriction to monotonic productions by combining the presented approach with a theory
of graph parsers for context-sensitive productions, although we are able to specify all kinds
graph-to-graph translations, studied up to now, by means of monotonic triple graph gram-
mars only.
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