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1. Introduction
After about 20 years of research and development, object-oriented (OO) modeling methods and
notations have reached a certain degree of maturity and acceptance. They are no longer the oc-
cult science of a small number of OO gurus, but the widely accepted approach for analysis
(OOA) and design (OOD) of software (hardware) systems. Popular OO methods - like Booch
[3], OMT [17], or OOSE [9] - are nowadays used to develop systems of continuously increasing
size and complexity. As a consequence, produced analysis or design documents may consist of
hundreds or even thousands of elements (classes, relationships, etc.). Keeping these documents
in a consistent state or reusing generic parts of one analysis/design document within another one
is a nightmare without the existence of any module concept.

These problems should be familiar for software developers of the late 60ies. Well-known
software engineering concepts like “abstract data types” [13] and “programming-in-the-large”
[6] have been invented to overcome these problems. They lead to the development of modular
programming languages like Modula-2 or Ada [22] and software design languages like HOOD
[16] or EMIL [4]. For a long time these ideas didn’t have any significant impact onto the devel-
opment of OOA/OOD notations. The first generation of OO methods simply ignored the prob-
lem. Later on developed approaches offered more or less ad hoc solutions for partitioning
analysis and design documents (diagrams) into surveyable pieces. OMT [17] offers for instance
so-called “modules”, which allow for the decomposition of unmanageable diagrams into a num-
ber of related diagrams. But there are no means to construct exports or imports of modules. As
a consequence, any two elements in two different diagrams with the same name have to be iden-
tified. And even more elaborate concepts like categories in Booch [3], collaborating subsystems
with their contracts in Wirs-Brock [23], or subsystems with well-defined interfaces in ADM3
[8] do not study the interactions between information hiding, module boundary crossing asso-
ciations and inheritance.

The proposal of aUnified Modeling Language (UML) as a successor of Booch, OMT, and
OOSE, is in our opinion the first OO notation which addresses all facets of a state-of-the-art
module concept [14]. Its modules, calledpackages, build shells around arbitrary types of dia-
grams (static structure diagrams, collaboration diagrams etc.). They offer an information hiding
concept which was heavily influenced by the design of C++ [7]:

(1) Explicit import relationships have to be used to accesspublic elements of one package
within another package,

(2) refinement (generalization) relationships provide additional access toprotected elements,
and

(3) friend relationships reveal evenprivate (but notimplementation) elements of one package
to another package.

Furthermore, UML supports nesting of packages with visibility rules derived from nested scope
rules of programming languages à la Modula-2 or Ada.

Our main problems with UML’s module concept are as follows:



(1) All concepts are defined in natural language only. This makes it sometimes really difficult
to determine the precise semantics of introduced terms. Consider for instance a sentence
like “In this context, reference means that the referenced Element instance is visible …”
on page 7 of the UML semantics definition [14]. Does “means” mean “required” or “is
equivalent to the fact”?

(2) Import, refines, and friend relationships between packages are indirect subclasses of Ele-
ment and inherit its property to possess a Visible attribute with values from the ordered
set {public > protected > private > implementation}. But we didn’t find a single line that
explains the consequences of dependency visibilities for connected packages, although
the usage of import and refines relationships with varying visibilitiy values makes sense
from the software engineering point of view.

(3) Many strictly necessary constraints like “a clientA of another (imported/referenced)
packageB should not add (own) an import relationship fromB to another packageC” are
either not part of the UML semantics definition or carefully hidden in its 103 pages.

This paper is our attempt to translate the natural language definition of UML’s module concept
into twelve predicate logic formulas that give precise answers to points (1) and (2) above. Fur-
thermore, we will suggest five additional formulas that address point (3) above. Within all these
formulas we will use the following (all-quantified) variables:

P, P’, P” ∈ Package is_a Element, E∈ Element, dep∈ { exp_imports, refines, friend}
ϖ, ϖ’, ϖ” ∈ { public> protected> private> implementation}

2. Aggregation of Elements and Packages
Any UML document contains a number of top-level packages which represent the regarded sys-
tem model. Each package defines a visibility shell around a number of elements,which are ei-
ther (a) basic constructs of a certain type of diagrams or (b) nested packages or (c) dependencies
between nested packages. A packageA contains an elementE if it owns or references (uses)E,
which belongs to another packageB. In the latter case, whereA referencesE, E must be visible
insideA. This situation is captured by the following five predicate logic formulas. Please note
that formula (5a) considers onlyvisibility of nested package elements. The interactions between
visibility of elements and (explicit) import relationships as well as refinement and friend rela-
tionships are the subject of sections 3, 4, and 5, respectively.

Due to the lack of space the following formulas cannot be explained in detail. We do hope
that almost all of them are self-explanatory as soon as the role ofϖ variables is clear. Terms like

P ownsϖ E or P referencesϖ E or P containsϖ E or …
have to be interpreted as “packageP owns/references/contains/…the elementE with the asso-
ciated visibilityϖ ∈ {public> protected> private> implementation}”. Please note that the con-
ceptsowns, references, andsees (visibility) are defined in UML, whereascontains andoffers
are our own inventions in order to keep formulas as simple as possible.

(1) Owner of element is unique (page 4 of [14]):
P ownsϖ E ∧ P’ ownsϖ E → P = P’

(2) Elements (from other packages) may be referenced if visible (page 7 of [14]):
P referencesϖ E → P seesϖ E

(3) Contains relationship is union of owns and reference relationship:
P containsϖ E ↔ P ownsϖ E ∨ P referencesϖ E

(4) Offers relationship is transitive closure of contains relationship (page 9 of [14]):
P offersϖ E ↔ P containsϖ E ∨ ∃ P’: P containsϖ P’ ∧ P’ offers publicE

(5a) Visibility of elements (of nested packages) is determined as follows (page 9 of [14]):
P seesϖ E ↔ P offersϖ E ∨ …



The most important consequence of the definitions above is that a package sees all public
elements of nested packages (visibility is transitive), where nested packages are either locally
defined packages or imported (referenced) packages. A surrounding package has no possibility
to hide public elements of nested packages at its own interface, except by owning or referencing
nested packages themselves with a lower visibility priority.

3. Export/Import of Packages
We have seen that nesting of packages gives surrounding packages access to the public elements
of enclosed packages. Therefore, UML says that owns and reference relationships establish a
kind of implicit import. Using implicit imports only a package would never be able to reference
elements at the interface of sibling packages (a package may only reference visible packages,
and reference relationships were our only means in section 2 to make foreign packages visible).
Therefore, UML introduced the concept ofexplicit import as a dependency relationship be-
tween packages that belongs to the common surrounding package of the related client (target)
and server (source) package. These import dependencies have their own visibility attributes. A
public import represents for instance a kind of interface import, which is visible for all clients
of the surrounding package. Animplementation import, on the other hand, is an always hidden
import, which represents local analysis or design decisions.

The following four formulas are our attempt to formalize imports and exports of packages.
Please note that packages do not have any means to define sets of exported elements explicitely.
Theirpublic/protected/… exports are always implicitely determined as their sets of public/pro-
tected/… visible offered elements. As a consequence, packages do not only export own ele-
ments, but also referenced elements from other packages. This takes from client packages the
cumbersome burden to import all those elements of other packages which are used in the inter-
faces of already imported packages.

(6) Implicit import are all indirectly owned or referenced elements (page 8 of [14]:
P imp_importsϖ E ↔ ∃ P’: P containsϖ P’ ∧ P’ offers publicE

(7) Import is the union of explicit and implicit import (page 8 of [14]):
P importsϖ E ↔ P exp_importsϖ E ∨ P imp_importsϖ E

(8) Export is set of all offered nonimplementation elements (page 10 of [14]):
P exportsϖ E ↔ P offersϖ E ∧ ϖ > implementation

(5b) Visibility of elements across packages is extended as follows (page 8 of [14]):
P seesϖ E ↔ P offersϖ E ∨ (∃ P’: P exp_importsϖ P’ ∧ P’ exportsϖ E)

4. Refinement of Packages
The previous two sections introduced the “classical” modularization concepts of programming
languages like Modula-2 (as defined in the ISO/IEC 10514-1 standard [18]), i.e. the construc-
tion of export interfaces for packages (with varying degrees of visibility inherited from C++),
nesting of (local) packages, and the establishment of visible or hidden import relationships be-
tween packages. These import relationships permit access to public interface elements of server
packages, only. The remaining two visibility values (for interface elements) protected and
private are only useful in combination with refinement (generalization) and friend relation-
ships between packages. The concept of friends is the subject of the following section, whereas
the concept of refining/generalizing packages will be explained here.

The main motivation for introducing therefinement (subtype)relationship between packages
is that the important OO concept ofinheritanceshould not only be available for defining single
classes, the basic elements of static structure diagrams, but also for defining and refining arbi-
trarily complex subdiagrams.



It is not at all difficult to come up with a precise definition of the consequences of refinement
(generaliziation) relationships for the visibility of package elements as well as with a formal
definition of the constraint “generalization relationships do not build cycles”. It is far more dif-
ficult to translate the meaning of sentences like “… an instance of the subtype is substitutable
for an instance of the supertype”. The latter constraint cannot be defined for packages in gener-
al, but must be studied for each language of UML diagrams, separately. Such a precise defini-
tion of the term “substitutability” is not part of UML. Therefore, our formulas will only take the
consequences of public refinement relationships for the visibility of (public) interface elements
of related packages into account. For further details concerning the formal treatment of subtyp-
ing from an algebraic point of view the reader is referred to [5] and from a type-theoretic point
of view to [12]. It is an open question whether similiar constraints have to be added for the case
of non-public refinement relationships and interface elements.

(9) SubtypeOf relationship is transitive closure of refines relationship:
P subtypeOf P’↔ ∃ P”, ϖ: P refinesϖ P” ∧ P” = P’ ∨ P” subtypeOf P’)

(10) Refines (generalization) relationship is acyclic (page 36 of [14]):
¬(P subtypeOf P)

(11) Public export of refining package has refined package’s export (page 38 of [14]):
P refines public P’∧ P’ exports public E→ P exports public E

(5c) Visibility across package boundaries is extended as follows (page 8 of [14]):
P seesϖ E ↔ … (* see Def. (5b) *)

∨ ∃ P’, ϖ’, ϖ” ≥ protected: P refinesϖ’ P’ ∧ P’ exportsϖ” E ∧ ϖ = min(ϖ’,ϖ”)

Please note that formula (5c) above is just an extension of formula (5b) of the previous section.
It takes refinement relationships with different degrees of visibility into account, ranging from
a kind ofpublic subtype inheritance to pureimplementation inheritance. It says that a refining
(subtype) package sees all public elements of the refined (supertype) package as public ele-
ments (if the refinement relationship is public, too). It states furthermore that a refining package
sees all protected elements of the refined package asϖ ≤ protectedvisible elements (if the re-
finement relationship isϖ visible, too). It is an open question, whether it makes sense to have
four different visibility cases for refinement relationships, instead of the usual distinction be-
tween interface preserving subtype inheritance and the hidden inheritance of implementations.

5. Friends of Packages
Last and least we have to deal with the C++ concept of friends, whose value for object-oriented
analysis and design tasks seems to be doubtful, if compared with modularization concepts of
programming languages like Modula-3 or Java. These languages allow for the definition of an
arbitrary number of interfaces for different categories of clients of a single module (package).
Nevertheless, we present the two additional formulas for friend relationships for reasons of
completeness.Friend relationships may only exist in parallel to explicit or implicit import re-
lationships (but seemingly not parallel to refinement relationships). They may be used to break
another informating hiding wall around the contents of a server package and give access to all
public, protected, and private elements of a package (but not to its implementation elements).
The corresponding two formulas look like follows, with the second formula being another ex-
tension of the formula (5b) and (5c) of sections 3 and 4, respectively.

(12) Friend relationships require parallel import relationship (page 8 of [14]):
P friendϖ P’ → P importsϖ P’

(5d) Visibility across package boundaries is extended as follows (page 8 of [14]):
P seesϖ E ↔ … (* see Def. (5c) *)

∨ ∃ P’, ϖ’, ϖ” ≥ private: P friendϖ’ P’ ∧ P’ exportsϖ” E ∧ ϖ = min(ϖ’,ϖ”)



6. Further Consistency Constraints
The developed formal definition of the UML package concept shows that the original natural
language definition seems to be free of any contradictions, but is not all complete. As a conse-
quence, we had to add a number of own assumptions, without knowing (until now) whether
these add-ons respect the original intentions of the three amigos Booch, Jacobson, and Rum-
baugh. These add-ons were kept as minimal as possible within the previous sections, thereby
postponing the definition of a number of importantadditional constraints to this section. All
these constraints, which will presented below, arein our opinionnot a matter of debate, but
should be part of UML. It is for instance useless to see a dependency without seeing its source
or target package (13). Furthermore, a package should never be able to define additional server
packages or supertype packages for not locally defined packages (14). Otherwise, it would be
possible to extend and modify the implementation of imported packages, thereby violating the
very principle of information hiding. Last but not least it makes no sense that a package refines
one of its locally defined packages (15) or that a supertype package needs (depends on) one of
its subtype packages (16, 17).

(13) Visibility of import/refines dependency is less equal visibility of related packages:
P depϖ P’ → ∃ P”, ϖ’, ϖ”:

P” ownsϖ dep∧ P” offers ϖ’ P ∧ P” offers ϖ” P’ ∧ ϖ ≤ min(ϖ’,ϖ”)

(14) Source of import/refines dependency belongs to owner of dependency:
P depϖ P’ → ∃ P”, ϖ’: P” owns ϖ dep and P” ownsϖ’ P

(15) A package should neither import nor refine its offered (own) packages:
P depϖ P’ → ¬ ∃ ϖ’: P offersϖ’ P’

(16) Needs relationship is transitive closure of imports and refines:
P needs P’↔

∃ P”, ϖ: (P refinesϖ P” ∨ P importsϖ P”) ∧ (P” = P” ∨ P” needs P’)

(17) Package may not refine a package which is an (in-)direct client of itself:
P refines P’→ ¬(P’ needs P)

7. Summary
This paper presented a very compact definition of the UML notation’s modularization concept
and suggested a number of useful extensions. These extensions compensate obviously existing
incompletenesses of UML’s natural language definition in [14] or represent additional policies
for the definition of import, refinement, and friend relationships between packages. The precise
definition of such a OOA/OOD module concept is not an isolated activity at our department, but
an integral part of the following projects:

(1) Some years ago, people at our department developed the module interconnection lan-
guage EMIL, which offers different types of modules, nesting of (sub-)systems, import/
export relationships between modules and (sub-)systems, inheritance for abstract data
type modules as well as genericity in the sense of generic Ada packages [11, 4].

(2) Our formal background are logic-based graph rewriting systems [19]. They are usedin
the form of the visual specification language and environment PROGRES [21]to define
graphical software engineering languages and to prototype tools for these languages. Cur-
rently, we are busy to specify and prototype a significant subset of UML in PROGRES.

(3) Resulting graph rewriting specifications for complex languages like UML tend to be too
large to be written down as a single unstructured document. Therefore, we are now start-
ing to develop a module concept for PROGRES, which will be similiar to the module con-
cepts of EMIL and UML [20].



To summarize, neither UML’s module concept itself nor the considerations presented here con-
cerning its formal definition and necessary modifications are restricted to a single object-orient-
ed analysis and design method. On the contrary, the presentedmodule concept may be added to
other analysis, design, or specification languages or it may even build the basis for a separate
module interconnection language. This is due to the fact that presented formulas make no as-
sumptions about the semantics of basic elements in packages. It is their exclusive purpose to
explain the impact of packages and relationships between packages on the visibility of package
elements. As a consequence, this paper complements the rapidly growing number of publica-
tions which have either the formal definition of module interconnection languages (architecture
styles) or certain OO diagram types as their main topic. Both categories of papers assume either
very simple visibility rules (compared with the visiblity rules introduced here) or neglect this
aspect at all due to the absense of a module concept. Examples of the first category are for in-
stance the VDM-SL definition of the Modula-2 standard [18] or the Z definitions of various data
flow or event based architecture styles [1, 15]. Examples of the second category are formal def-
initions of (subsets of) OMT [10] and Fusion [2].
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